Multipole analysis of substrate-supported dielectric nanoresonator
  arrays with T-matrix method by Czajkowski, Krzysztof M. et al.
Multipole analysis of substrate-supported dielectric nanoresonator arrays with
T-matrix method
Krzysztof M. Czajkowski,∗ Maria Bancerek, and Tomasz J. Antosiewicz†
Faculty of Physics, University of Warsaw, Pasteura 5, 02-093, Warsaw, Poland
(Dated: June 17, 2020)
Substrates, and layered media in general, are ubiquitous, affect the properties of whatever is in
their vicinity, and their influence is, in an arbitrary framework, challenging to quantify analytically,
especially for large arrays which escape explicit numerical treatment due to the computational bur-
den. In this work, we develop a versatile T-matrix based framework in which we generalize the
coupled multipole model towards arbitrarily high multipole orders and substrate-supported arrays.
It allows us to study substrate-supported random/amorphous arrays of high index dielectric nanopar-
ticles which are of wide interest due to relatively low losses and a highly tunable optical response,
making them promising elements for nanophotonic devices. We discuss how multipole coupling
rules evolve in the presence of a substrate in amorphous arrays for three interaction mechanisms:
direct coupling between particles, substrate-mediated interparticle coupling and substrate-mediated
self-coupling. We show the interplay between array density, distance from the substrate and its
refractive in determining the optical response of an array. As an example, we use this framework to
analyze refractometric sensing with substrate-supported arrays and demonstrate that the substrate
plays a crucial role in determining the array sensitivity.
I. INTRODUCTION
High index dielectric nanoresonators are used as build-
ing blocks of novel photonic devices such as photonically
enhanced photovoltaic cells, biomolecule sensors and flat
analogues of conventional optical devices called metasur-
faces [1]. The interest in high index dielectric nanores-
onators stems from the fact that they support both elec-
tric and magnetic resonances in simple geometries such
as spheres or disks, which provides further tunability of
the optical response [2]. Also, dielectric nanoresonators
are less susceptible to losses and they are more compati-
ble with the CMOS standard of modern electronics than
plasmonic counterparts [1].
A convenient way to express and analyze the fields
scattered by nanoresonators is by multipole expansion.
The far-field characteristic of the optical response of an
antenna is related to the interference of its multipole
fields. Manipulation of these multipole moments can, for
example, lead to unidirectional scattering via so-called
generalized Kerker effects [3]. Tailored, directional scat-
tering is essential for nonlinear photonics with dielec-
tric nanoresonators and design of Huygens metasurfaces,
which exploit Kerker effects to obtain almost ideal Huy-
gens sources [4]. The conditions for achieving directional
scattering are almost exclusively expressed using multi-
pole moments. Notably, while small particles are usually
associated with dipole moments, higher-order multipoles
are also important and, upon careful design of nanores-
onator geometry, can be even dominant in its scattering
spectrum [5].
The next step from utilizing a single antenna for a
given purpose is to arrange nanoresonators into an array,
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which predominantly takes the form of a two-dimensional
construct. Its optical response is then determined by an
interplay between the single-particle response, multiple
scattering, and interference of the emitted fields. Mul-
tiple scattering leads to radiative coupling of multipole
moments of the nanoresonators within an array and is
addressed by solving a set of self-consistent equations for
these moments.
The coupled multipole approach is often used to deter-
mine the optical response of periodic arrays of nanores-
onators. It retains the physical interpretation of the inner
working of the array and begets an intuitive understand-
ing of the properties, such as shifting of the antenna res-
onances, broadening of the peaks due to near-field cou-
pling, or the characteristic feature of periodic arrays in
the form of lattice resonances [6]. It also demonstrates
that different multipoles are affected in distinct manners
by tuning the periodicity of an array in orthogonal direc-
tions. By virtue of this fact, electric and magnetic dipole
resonance wavelengths can be tuned independently, mod-
ifying the resonance overlap condition [7].
An alternative route towards manipulation of interpar-
ticle coupling in two-dimensional arrays is by using amor-
phous arrays, which are random with a constraint on the
minimal separation between nanoresonators. This con-
straint introduces short range position correlation and
long range disorder. The randomness eliminates lat-
tice resonances and the optical response is qualitatively
similar to that of a single nanoresonator. At the same
time, interparticle coupling modifies the optical response
and the minimal center-to-center (CC) distance between
nanoresonators. The CC distance, which is closely re-
lated to the array density, plays a similar role in tailoring
intra-array coupling as does the (sub-diffraction) lattice
in periodic arrays. The optical properties affected by the
choice of minimal center-to-center distance include res-
onance wavelength and quality factor [8] as well as the
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2scattering-to-absorption cross-section ratio [9], to name
a few. We have recently shown that those density-driven
effects render the minimal CC distance a useful handle to
control electromagnetic coupling in amorphous arrays for
applications such as refractometric sensing, directional
scattering and solar energy harvesting [10].
The versatility of the coupled multipole model stems
from that it provides semi-analytical solutions for the
multipole moments of infinite nanoresonator arrays in
both periodic and amorphous arrangements [10]. To that
end, first, propagators of each multipole must be derived
and a general coupled multipole equation system must
be proposed. Then, an assumption that the nanoparticle
array is infinite is introduced. For periodic arrays this
renders the multipole moments of all the particles iden-
tical and reduces the inverse problem to single particle
multipoles coupled to their infinite multipole neighbour-
hood via so-called lattice sums. The procedure is exactly
the same for amorphous arrays [8, 11] except for the fact,
that in random arrays each nanoparticle has a unique
neighbourhood and therefore an average, continuous mul-
tipole film is considered as the nanoparticle’s neighbour-
hood. In recent literature, there are several examples of
lattice sum derivations including electric and magnetic
dipoles, dipole-quadrupole coupling for both periodic ar-
rays [12, 13] and amorphous arrays [8, 10, 11, 14].
A substantial disadvantage of the coupled multipole
model for nanoresonator arrays is that it provides a so-
lution for an idealized situation in which the nanores-
onators are embedded in a homogenous environment.
However, in experimental conditions two-dimensional
nanoresonator arrays are almost exclusively fabricated on
a substrate, which may substantially impact the optical
response of the system. One prominent example of the
substrate-related effects is exceptional field enhancement
observed in a nanoparticle-on-mirror system, in which a
plasmonic or a dielectric nanoresonator is placed in close
vicinity of a metallic mirror [15, 16]. The coupling be-
tween the nanoresonator and its image results in a large
field enhancement and confinement utilized for realiz-
ing strong light-matter coupling experiments. Simulta-
neously, from a mathematical point of view the presence
of a substrate is also known to influence the multipole
expansion of the scattered fields [17, 18]. The scattered
electric dipole field can be reflected off the substrate and
trigger a magnetic dipole response and vice-versa, lead-
ing to the magnetoelectric coupling [19]. As a conse-
quence, substrate-induced bianisotropy can be observed
[20]. Magnetoelectric coupling also leads to exceptionally
strong polarization sensitivity of the optical response of
dielectric nanoresonators placed on a metallic film [21].
Finally, the presence of substrate is known to modify
the back-reflection Kerker conditions [22, 23] and circu-
lar dichroic spectrum of a nanoresonator [24–26].
Here, we exploit the recent advantages in the transition
matrix (T-matrix) method to address the generalization
of the coupled multipole model towards arbitrarily high
multipole orders and substrate-supported arrays. The T-
matrix is closely related to Cartesian multipole moments
and the two formulations (superposition T-matrix and
Green function based) of the coupled multipole model
are equivalent [27, 28]. Both require the evaluation of the
so-called Sommerfeld integrals in order to calculate the
reflected fields. This approach has been used for instance
to evaluate magnetoelectric coupling in a single dielectric
particle [19] or substrate-supported single nanoresonator
optical response in the discrete dipole approximation [29].
Recently, a general superposition T-matrix method for
nanoresonators in a layered medium has been proposed
[30]. Here, we formulate the infinite array approximation,
which provides the effective (average) multipole moments
of a nanoresonator in an array. We focus on amorphous
arrays as they are challenging to tackle with other meth-
ods and are an interesting alternative to periodic arrays,
especially since many bottom-up, self-assembly methods
exist to fabricate such random structures. However, the
model and some of the conclusions are also applicable to
periodic arrays.
This work is structured as follows. First, we derive the
model and verify it numerically with the superposition T-
matrix and finite-difference time-domain (FDTD) meth-
ods. Then, we study multipole coupling in a substrate-
supported array. We provide general multipole coupling
rules that can be applied to any array with central sym-
metry. We exemplify these rules and show generalized
magnetoelectric coupling that includes higher-order mul-
tipoles. Finally, we study the parameters influencing
substrate-mediated multipole coupling and provide an
example of electromagnetic coupling effects applied to
refractometric sensing.
II. AMORPHOUS ARRAY OF PARTICLES ON
A PLANE SUBSTRATE
The external Eex(r) field acting onto a particle and its
scattered Esc(r) field at position r can be expanded into
vector spherical wave functions (VSWFs) as follows
Eex(r) =
∞∑
l=1
n∑
m=−l
aEmlM
1
ml(kr) + a
M
mlN
1
ml(kr), (1)
Esc(r) =
∞∑
l=1
n∑
m=−l
bEmlM
3
ml(kr) + b
M
lmN
3
ml(kr), (2)
where k = 2pinm/λ is the wavenumber in a given medium
with index nm, λ is the wavelength, and we follow [31]
in the definitions of VSWFs, which for convenience are
summarized in Appendix A. The T-matrix relates the
expansion coefficients of the external (a) and scattered
fields (b) in terms of radiating vector spherical wave func-
tions (VSWF) [31](
bE
bM
)
=
(
TEE TEM
TME TMM
)(
aE
aM
)
, (3)
3which is simplified as b = Ta. Here, the T-matrices
are calculated using the null-field method with discrete
sources which is an efficient method of evaluating single
particle scattering properties.
In the case of coupled nanoantennas embedded in a
stratified medium the equation describing the response
of any scatterer S has to be extended [32] to include the
scattered field of all other scatterers S′ as
bS = TS
aS + ∑
S′ 6=S
aS,S
′
d +
∑
S′
aS,S
′
r
 . (4)
Here, the scattered field from the other scatterers (S′) has
to be expressed in regular rather than radiating VSWFs
in order to conveniently consider this field as a contribu-
tion to the incident field driving scatterer S. The rela-
tion that defines the direct (subscript d) coupling matrix
is therefore
aS,S
′
d = W
S,S′
d b
S′ , (5)
where WS,S
′
d is the direct coupling matrix (which is
present also in a homogeneous environment). A simi-
lar expression can be defined for the scattered field from
scatterer S′ reflected (subscript r) off the substrate
aS,S
′
r = W
S,S′
r b
S′ , (6)
where WS,S
′
r is the substrate-mediated coupling matrix.
The definitions of the coupling matrix terms are pre-
sented in Appendix B.
By combining the definitions of the coupling matrices
with Eq. 4 we obtain
bS = TS
(
aS +
( ∑
S′ 6=S
WS,S
′
d +
∑
S′
WS,S
′
r
)
bS
′
)
. (7)
We separate out the reflected self-coupling of scatterer S
with itself (WS,Sr ) from substrate-mediated interparticle
coupling (WS,S
′
r ) and under the summation we explicitly
introduce the dependence of WS,S
′
d and W
S,S′
r on cylin-
drical coordinates and drop the superscripts
bS = TS
(
aS +
[
WS,Sr +
∑
S′ 6=S
(
Wd(ρS,S′ , φS,S′)+
+Wr(ρS,S′ , φS,S′)
)]
bS
′)
, (8)
where (ρS,S′ , φS,S′) is a vector in cylindrical coordinates
from scatterer S to S′.
To reduce the many-particle problem to an effective
single-particle one, we make use of the nature of amor-
phous arrays (Fig. 1a) that while the neighborhood of
any given resonator is unique, the particle distribution in
the array is given by a pair correlation function (PCF)
Γ(ρ/lcc, φ), where lcc is the minimal center-to-center dis-
tance. This stochastic similarity of a random array allows
us to replace the discrete particle properties bS
′
by an
effective, continuous film of multipoles of average prop-
erties given by bS and density by Γ(ρ/lcc, φ). Thus, we
can write
bS = TS
(
aS +
[
WS,Sr + σ
∫ ∞
0
ρdρ
∫ 2pi
0
dφΓ(ρ/lcc, φ)×
× (Wd(ρ, φ) +Wr(ρ, φ)) exp(−ερ)]bS), (9)
where σ is the particle number density. Here, we
parametrize the spatial distribution by using the mini-
mal center-to-center distance lcc = CC ×D, where D is
the nanodisk diameter (the disk’s thickness is H) and CC
is a dimensionless parameter. We multiply the integral
function by an exponentially decaying term with small
constant ε to make the integrals well defined. Physically,
this corresponds to an infinite array illuminated by a fi-
nite, slowly decaying beam.
The equation can be further simplified by analyzing the
angular integral. The coupling matrix can be factorized
into radial and angular terms
Wr,d(ρ, φ) = Wr,d(ρ) exp
(
i(m′ −m)φ). (10)
The angular probability distribution of finding a neigh-
bouring particle is uniform, which leads to the following
result
bS = TS
(
aS +
[
WS,Sr + 2piσ
∫ ∞
0
ρdρΓ(ρ/lcc)×
× (Wd(ρ) +Wr(ρ)) exp(−ερ)]bS), (11)
for m1 = m2 and zero otherwise. Next, we define the
effective direct coupling matrix as
W˜d = 2piσ
∫ ∞
0
ρdρΓ (ρ/lcc)Wd(ρ) exp(−ερ), (12)
and the effective substrate-mediated (reflected) coupling
as
W˜r = 2piσ
∫ ∞
0
ρdρΓ (ρ/lcc)Wr(ρ) exp(−ερ). (13)
The radial part of the integral is evaluated and in-
tegrated numerically. We utilize the expression for the
PCF of amorphous arrays from [14]. In order to eval-
uate the improper integrals we truncate the integral at
certain interparticle distance. Consequently, there are
three parameters that determine the accuracy of the in-
tegration: resolution of the radial grid, damping of the
oscillating part of the integral, and truncation distance.
Equation 11 is then solved for the scattering coefficients
bS by matrix inversion
bS =
[(
TS
)−1 − (WS,Sr + W˜d + W˜r)]−1 aS . (14)
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FIG. 1. (Color online) (a) Small-scale schematic representa-
tion of substrate-supported random arrays of nanodisks (c-Si,
nsub = 2, diameter D = 160 nm, thickness H = 120 nm) for
comparison between FDTD and T-matrix calculations with
(b) obtained extinction spectra showing very good agreement.
(c) Comparison of T-Matrix calculations of explicit substrate-
supported arrays of 1751 nanodisks with refractive index 4
[other parameters from (b)] with proposed model shows good
agreement. Coupling in the random arrays with different den-
sity induces significant changes of the peak positions, widths,
and amplitudes.
Finally, the extinction cross-section is evaluated as a sum
of individual VSWFs contributions [31]
Cext = − pi
k2
∞∑
n=1
n∑
m=−n
Re
(
a∗Enmb
E
nm + a
∗M
nmb
M
nm
)
. (15)
Having outlined the model, we verify it numerically
by calculating optical properties of substrate-supported
amorphous arrays of high index dielectric nanodisks il-
luminated by a normally incident plane wave. Mod-
elling of anisotropic scatterers with the T-matrix method
is problematic due to the so-called Rayleigh hypothesis
that states that the fields calculated with the T-matrix
method are valid only outside the circumscribing sphere
of the scatterer. In our particular case of dielectric nan-
odisks supported by a substrate, such a sphere crosses
the substrate and therefore the Rayleigh hypothesis is
not fulfilled for the particle interacting with its image.
However, it has been recently shown that this limitation
can be circumvented by relying on the conditional con-
vergence of plane wave expansion of VSWFs truncated
at a certain wave vector [33]. Here, we utilize the relation
between the truncation wave vector and the truncation
multipole order from [33] to simulate anisotropic nanores-
onators. Because of the fact that full-wave Maxwell equa-
tion solvers based on finite-element or FDTD methods
are not capable of simulating random arrays of realistic
size, we validate our approach in two steps.
First, we verify the validity of the plane-wave ex-
pansion for substrate-supported arrays by comparing
the extinction cross-section spectrum obtained with the
T-matrix method (open-source python code SMUTHI
[30, 32]) for an amorphous array composed of 24 crys-
talline silicon (c-Si) [34] nanodisks (D = 160 nm, H =
120 nm, nsub = 2) with an FDTD simulation (Lumerical
FDTD solutions) for the same array (Fig. 1b). The T-
matrix results agree well with those given by the FDTD
method.
Next, we compare the results of superposition T-
matrix to our effective model. We simulate arrays with
1751 particles made of c-Si drawn using random sequen-
tial adsorption [35] on a substrate at selected CC val-
ues. This number of disks is sufficient for yielding spectra
which do not change significantly for different realizations
of an amorphous array. For low density (high lcc > 10)
the optical response is almost density independent [14], as
it should, since the arrays tend to well-separated quasi-
single disks. However, as plotted in Fig. 1c, for dense
arrays significant deviation from the single particle re-
sponse is observed [8, 10]. The obtained agreement be-
tween the two methods (effective and superposition T-
matrix) is maintained even for dense arrays, leading to
the conclusion that we can indeed predict the optical
spectra of substrate-supported arrays using our effective
approach, which is orders of magnitude faster than the
direct superposition T-matrix approach.
III. MULTIPOLE COUPLING SELECTION
RULES
Occurrence of multipole coupling depends on three fac-
tors: on the coupling matrix form for a given particle
environment, on symmetries in the angular distribution
of particles and on the polarization of the external field
(non-zero coefficients in the VSWF expansion a) [31].
Let us then consider the associated Legendre polyno-
mial part of the direct coupling matrix WS,S
′
d ,
P |m−m
′|
χ (cos θ), (16)
where χ ∈ [|l − l′|, l + l′] and θ is the azimuthal angle
in spherical coordinates. Due the fact that interparticle
coupling vanishes unless m = m′, one can use the recur-
rence relation
Pn+1(cos θ) = α cos θPn(cos θ)− βPn−1(cos θ) (17)
with P0 =
√
2
2 and P1 =
√
3
2 cos θ to evaluate these poly-
nomials. As a consequence of the fact that we are an-
alyzing a planar array, we set cos θ to zero. Then only
even χ contribute to the overall result.
The other factor governing the occurrence of coupling
between multipoles of given degrees are Wigner-3j sym-
bols, where
wa(l, l′, χ) =
(
l l′ χ
0 0 0
)
(18)
5contributes to coupling between multipoles of the same
type (i.e. electric-electric or magnetic-magnetic) and
wb(l, l′, χ) =
(
l l′ χ− 1
0 0 0
)
(19)
contributes to cross-coupling between electric and mag-
netic multipoles.
Such Wigner-3j symbols vanish unless the sum of its
top row is an even integer. Because the condition that
stems from the Legendre polynomials limits χ to even
numbers, we have that if l + l′ is even, then wa 6= 0 and
wb = 0. Otherwise, if l + l
′ is odd, then wa = 0 and
wb 6= 0. These conditions lead to the following conclu-
sion: coupling between electric and magnetic multipoles
can happen only if one of their orders is even and the
other is odd. For such orders, coupling between multi-
poles of the same types does not occur. Otherwise, only
coupling between the same multipole types occurs. This
is a generalization of previously known examples of mul-
tipole coupling selection rules. The presented selection
rules are valid for when particles are embedded in a ho-
mogeneous environment. When particles are deposited
on a substrate, these rules can be violated as a conse-
quence of substrate mediated coupling, allowing multi-
poles with the same order m to couple regardless of their
type and degree.
The coupling matrix can be used as a tool for studying
the properties of multipole coupling between the parti-
cles as well as between the particles and the substrate
(Fig. 2a). We distinguish three coupling types which
originate from Eq. 11: direct coupling (W˜d), substrate-
mediated self-coupling (WS,Sr ) and substrate-mediated
interparticle coupling (W˜r). Each of the coupling ma-
trix terms can be considered individually to study the
contribution of each mechanism into the final result, as
presented in Fig. 2. The direct term, which is present
even when the particle is embedded in a homogeneous
environment, obeys the symmetry dictated by the pro-
posed multipole coupling selection and can be considered
an extension of the dipole-dipole coupling term from our
previous work [10, 14]. An analysis of this analogy is
presented in Appendix C. In contrast to direct coupling,
both substrate-mediated coupling terms obey a less-strict
selection rule providing a route towards observation of
various multipole cross-coupling effects. The only rule
except for ∆m = 0 they obey, is that coupling is not
possible between electric and magnetic multipoles when
m = 0. This rule is discussed in Appendix B.
To elucidate the influence of various parameters on
multiple scattering leading to intra-array coupling, we
now focus on dipolar terms only, which dominate the
optical spectrum of nanodisks in the visible and near-
infrared. While electric-electric and magnetic-magnetic
dipole coupling is described by the same term, electric-
magnetic dipole cross-coupling has its own unique depen-
dence. As shown in our previous work, interparticle cou-
pling depends on array density in an oscillatory manner
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FIG. 2. (Color online) (a) Coupling matrices for (left) direct
coupling between particles, (center) substrate mediated inter-
particle coupling, and (right) substrate mediated self-coupling
for CC = 3.5D, λ = 700 nm assuming D = 160 nm and H =
160 nm. (b) Real and imaginary parts of the dipole matrix ele-
ments at λ = 700 nm as a function of center-to-center distance
for direct coupling (direct), substrate-mediated coupling be-
tween the same dipole type (refl) and cross-coupling between
electric and magnetic dipoles (refl-c), and self-coupling also
between the same dipoles (self) and cross-coupling (self-c).
(c) The magnitude of the dipole matrix element as function
of wavelength for CC = 3.5D shows that the self-coupling is
the dominant factor modifying the optical properties, how-
ever, jointly the remaining contributions can be, depending
on the relative phases, of similar magnitude.
of a stochastic, quasi-Fabry-Perot cavity [10, 11]. Here,
various coupling types exhibit this distinct dependence,
cf. Fig. 2b. Self-coupling does not depend on array den-
sity. In contrast, substrate-mediated interparticle cou-
pling, similar to direct coupling, also oscillates as a func-
tion of density, but its phase is shifted with respect to
direct coupling. Focusing on the dipolar case, electric
and magnetic dipoles couple in the presence of a layered
medium. Interparticle cross-coupling is less pronounced
than other coupling types, also across a broad wave-
length rage (Fig. 2c), while self-cross-coupling has nearly
the same magnitude as self-coupling, but opposite sign
(Fig. 2b). The magnitudes of the various dipole matrix
elements as function of wavelength for CC = 3.5D show
constant qualitative behavior, as plotted in Fig. 2c. In
principle, the direct term is the one which has the biggest
impact on the optical properties of a single substrate-
supported particle. However, the remaining contribu-
tions can be of similar magnitude, especially for arrays
of intermediate density with CC around 4–7.
Having presented the intuition that can be obtained by
analyzing the properties of the coupling matrix, we study
the optical exctinction spectra of substrate-supported
amorphous arrays of dielectric nanodisks in the light of
the above conclusions. As the first instance we com-
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FIG. 3. (Color online) Comparison between the optical response of amorphous arrays of c-Si cylinders with D = 150 nm and
H = 225 nm for selected center-to-center distances: (a) in air, (b) on a substrate with nsub = 1.45, and (c) in an index-matched
medium of 1.28. (d-f) Multipole decomposition (D – dipole, Q – quadrupole, O – octupole) of exctinction spectra for the three
cases for CC = 5. Note the substrate mediated magneto-electric coupling around 600 nm and 725 nm, which is absent in
homogeneous environments.
pare the optical response of arrays composed of c-Si
[34] cylinders with diameter of 150 nm and height of
225 nm in three environments (see Fig. 3a-c): vacuum,
two-layer medium (with refractive index of the substrate
equal to 1.45) and an effective homogeneous medium
with refractive index of 1.28. Qualitatively, dependence
of the extinction spectrum on the minimal center-to-
center distance is the same for the vacuum and substrate-
supported case. The difference between the two cases is
most prominent for CC=4, for which the ratio between
the magnetic and electric resonances is substantially dif-
ferent. In contrast, when the disks are placed in an effec-
tive medium, the interparticle coupling is strongly mod-
ified as a consequence of the ratio between vacuum and
medium wavelengths. Since reflection of waves scattered
by the substrate is neglected, the phase relations of the
scattered and external fields are changes significantly sig-
nificantly. Consequently, the approximation of substrate-
supported case by using an effective permittivity is only
poorly applicable to amorphous arrays.
Further differences between the optical properties
of arrays embedded in a homogeneous and a layered
medium can be observed by performing a multipole de-
composition of the extinction spectra shown in Fig. 3d-
f. The herein discussed disk supports spectral overlap
of multiple electric and magnetic multipoles thanks to
the ratio of its dimensions fulfilling H/D > 1. This
property thus makes is an excellent candidate for ob-
serving magnetoelectric coupling and substrate induced
bianisotropy. First of all, the a decomposition shows that
there is a significantly larger amplitude of the electric
dipole extinction at the magnetic dipole resonance for
the substrate-supported case than for both homogeneous
cases, as reported previously [19]. Furthermore, our cal-
culations show that in the present case, the presence of
the substrate suppresses MD/EQ coupling at the mag-
netic resonance, which is inherently present in a homo-
geneous environment. The second significant resonance
centered around 600 nm is composed of an electric dipole
and a magnetic quadrupole, which is one of the conse-
quences of the fact that the height-to-diameter ratio is
larger than unity. Indeed, in contrast to the homoge-
neous cases, we observe an enhancement of the magnetic
dipole around the composite ED/MQ resonance, in con-
trast to other works which reported even negative MD ex-
tinction in vicinity of ED resonance wavelength [19, 21],
as well as a significant amplification of the ED resonance
itself. In fact, all first four multipoles are coupled, as
evidenced by a weak EQ peak around 600 nm. We at-
tribute this observation to substrate-mediated multiple
multipole coupling effects, which can be observed, de-
spite that fact that we are using a relatively low-index
substrate. Finally, we note that for the index matched
case, in addition to the incorrect broadening of the dipo-
lar resonances, this approximation erroneously predicts
a sharp EQ around 500 nm.
IV. FACTORS INFLUENCING MULTIPOLE
COUPLING
For an amorphous array of nanoparticles embedded in
free space, the interparticle coupling depends only on the
spatial distribution within the array parametrized by the
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FIG. 4. (Color online) Coupling dependence vs. distance
from substrate and substrate index. (a) Real and (b) imagi-
nary parts of the dipole-dipole coupling term W (neglecting
magneto-electric cross-coupling) for an amorphous array on
a substrate (nsub = 2) at λ = 500 nm as function of array-
substrate distance z and minimum center-to-center lcc dis-
tance. The distance z = 0 corresponds to an array of disks
of height equal to 100 nm placed on a substrate. Both real
and imaginary parts of total interparticle coupling shows dis-
tinct dependence on lcc for each array-substrate distance. (c)
The self-coupling term WS,Sr . likewise affected. (d) W
S,S
r in-
creases significantly with nsub, while interparticle coupling is
weakly dependent on nsub and only for very dense arrays with
small lcc is larger than W
S,S
r .
minimal center-to-center distance. As we have recently
shown, this parameter is a useful handle for tuning the
optical properties [10]. The presence of the substrate
begets additional coupling mechanisms, which are gov-
erned by two additional parameters. The obvious one
is the substrate refractive index, which modifies the re-
flection coefficient and hence determines the strength of
substrate-mediated coupling and the phase relationship
between the field incident onto the substrate and the one
reflected off it. Here, we focus on the distance between
the array and the substrate, which modifies the phase
factors in substrate mediated coupling. Consequently,
it changes interparticle coupling (by a phase difference
between direct and reflected coupling) and substrate-
mediated self-coupling. To analyze this effect, we cal-
culate the total interparticle coupling, as a sum of di-
rect and reflected coupling terms, and the self-coupling
between dipoles, in both cases neglecting higher-order
terms and magnetoelectric coupling, as a function of dis-
tance between the substrate and array and the minimal
center-to-center distance. In Fig. 4a-c we present the
analysis for λ = 500 nm, which corresponds to the mag-
0.5
0.4
0.2
0.1
0
ex
tin
ci
on
 c
ro
ss
 s
ec
tio
n 
pe
r n
an
od
is
k 
(μm
2 )
400
wavelength (nm)
440 480 520
CC = 2.0
CC = 4.5
CC = ∞
z = 240 nmz = 90 nm
z = 0 nm
400
wavelength (nm)
440 480 520
0.3
0.5
0.4
0.2
0.1
0
0.3
(a)
(b) (c)
FIG. 5. (Color online) Extinction cross-section spectra for
silicon nanodisks with 100 nm diameter and 100 nm height
placed on a substrate with nsub = 2 for selected center-to-
center distances and (a) z = 0 nm, (b) z = 90 nm, and (c)
z = 240 nm. The modification of the resonances is determined
by the array density, which is inversely proportional to CC,
and the array–substrate separation distance.
netic dipole resonance wavelength for a silicon nanodisk
with height 100 nm and diameter 100 nm in free space.
One can anticipate that because of the fact that the phase
factor depends on the wavenumber in the medium con-
taining the nanoresonators, there is dependence of dipole-
dipole coupling on wavelength.
As shown in Fig. 4a-b, modification of the array place-
ment above the substrate, influences the relation between
the total interparticle coupling term and the minimal
center-to-center distance, especially for dense arrays. For
the highest density analyzed (lcc=200 nm), both the am-
plitude and phase of the coupling term can be tuned
within the broad range. At the same time, for dilute
arrays, the overall interparticle coupling strength is low
and thus cannot be easily modified by changing the phase
term via placement of an array. However, even then the
optical response of an array substantially depends on the
position of an array with respect to the substrate due to
the self-coupling term, which changes as a function of the
array-substrate distance according to Fig. 4c. A similar
modification of the self-coupling term can be observed
when the refractive index of the substrate is changed,
despite the fact that interparticle coupling is not signifi-
cantly distinct from the free-space case as shown in Fig.
4d. Notably, the optical response of an array is always
determined by the sum of self-coupling and interparticle
coupling terms, which makes the array-substrate distance
an important parameter for shaping how the interparticle
coupling contributes the overall response of an array.
To exemplify this we study the optical spectra of ar-
rays composed of silicon disks (diameter of 100 nm and
height of 100 nm, c-Si) placed on or above a substrate
with a refractive index of 2. The extinction spectra for
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FIG. 6. (Color online) Bulk sensing (nd ∈ 〈1.33, 1.53〉) characteristics of substrate supported dielectric nanodisks. (a) Sensitivity
of a nanodisk in a homogeneous environment (dashed line) is very small, but when the disk is placed on a substrate (solid
with circles) with nsub ∈ 〈1.1, 2〉 it varies significantly with nsub. (b) The average sensitivity (over the whole nd range) of
substrate-supported random arrays of disks (solid lines) varies with the center-to-center distance and the mean single-particle
value (dashed lines) around with it oscillates depends on nsub. (c) The local-index (∂λ/∂nd) sensitivity for substrate nsub = 1.45
is non-linear and there is considerable spread of its value once near-field coupling effects have decayed for the center-to-center
distance above ∼ 2.5D.
selected array-substrate distances and minimal CC dis-
tances are presented in Fig. 5. The magnetic dipole
resonance is close to 500 nm, which corresponds to cou-
pling terms analyzed in the previous paragraph. Both
the amplitude and resonance wavelength are modified by
changing the array-substrate distance. This is in line
with the coupling matrix study presented in Fig. 4, which
illustrates the joint impact of the array density and sub-
strate separation on the optical response. For example,
for a dense array with CC = 2, the magnetic resonance
increases in amplitude when going from z = 0 nm to
z = 90 nm and then diminishes for z = 240 nm. This
is accompanied by corresponding, but inversely propor-
tional width changes and concomitant peak shifts, whose
evolution is offset in phase with respect to that of the
peak amplitude [8, 14]. The particular behavior of the
peak amplitude stems from the fact that the real part
of the interparticle coupling term has an opposite sign
for z = 240 nm in comparison with the two other cases.
The same conditions cannot be straightforwardly applied
to the electric dipole resonance because of the different
phase relationship within the coupling matrix between
the resonance wavelength and the array–substrate dis-
tance. For CC = 4.5 the properties are close to that
of a single particle, yet each array-substrate distance re-
sults in a distinct modification of the optical response due
to the relation between the coupling matrix and array-
substrate distance.
V. REFRACTIVE INDEX SENSING
One of the applications of amorphous arrays of sili-
con nanodisks is refractometric biosensing based upon
the shift of the magnetic dipole resonance wavelength
as a result of refractive index modification e.g. due to
biomolecule binding [36, 37]. Potential benefits of these
Si structures are low losses and high CMOS compatibil-
ity, providing a valid alternative for LSPR based sensors.
On the other hand, the applicability of dielectric sen-
sors is partially hindered by the fact their sensitivity is
generally lower than their plasmonic counterparts [38].
Sensing applications are thus of high relevance and un-
raveling the role of various effects is important [39]. In
recent work, we have observed that if the refractive index
change occurs in the bulk of nanoresonator environment,
the driving mechanism behind the observed sensitivity is
the radiative coupling and that by tuning the spatial dis-
tribution of an array and geometry of the sensor one may
achieve relatively high sensitivity, which at least partially
bridges the gap between plasmonic and dielectric sensing
[10]. However, local sensitivity changes are less influ-
enced by array geometry. The main factor enabling good
sensitivity of an array of dielectric nanodisks is the inter-
particle coupling due to an isolated dielectric nanodisk’s
low sensitivity in a homogenous environment. Thus, it is
important to understand and quantify how a substrate
affects its sensing characteristics. The substrate modi-
fies the sensitivity in two ways: via the modification of
the Fresnel coefficient as a function of environment’s re-
fractive index and by modifying the phase factor of the
reflected plane waves.
We exemplify this by calculating the bulk refractive
index sensitivity within the nd ∈ 〈1.35; 1.55〉 range for a
silicon nanodisk with 160 nm diameter and equal height
supported by a substrate with a varying refractive index
(see Fig. 6a). For comparison, we also provide the anal-
ogous result for a disk in a homogeneous environment.
The sensitivity is calculated as the slope of a linear fit
to the peak shift. Indeed, the value of nsub substantially
affects the sensitivity showing that even for an isolated
particle it is a key factor. In principle, for a large contrast
between the substrate and the medium the sensitivity is
large, while for low contrast the sensitivity can even tend
to zero. Moreover, the sign of wavelength shift depends
on whether the refractive index of the substrate is higher
9or lower in comparison with the sensed medium.
When placed in an array, the optical response of the
system is additionally modified by the interparticle cou-
pling, which is an important factor determining the re-
fractive index sensitivity of arrays embedded in a homo-
geneous environment [10]. Next, we calculate the sensi-
tivity of amorphous arrays of Si nanodisks with D = 160
nm and H = 160 nm for selected nsub as function of the
CC distance, which are plotted in Fig. 6b. The oscillating
behavior of the sensitivity mirrors that of the interparti-
cle coupling, which follows a damped, periodic function of
lcc. The choice of the minimal center-to-center distance
is essential for obtaining high refractive index sensitivity,
which oscillates around the corresponding single particle
value that is determined by coupling to the substrate,
cf. Fig. 6a. Consequently, the choice of substrate de-
termines the sensitivity in the low density limit and then
sets the potential range of values attainable by tuning the
array density (CC distance). For small nsub the optimal
lcc is at the first maximum that occurs at CC ≈ 2.5 and
give approximately 55 nm/RIU (refractive index unit).
In contrast for nsub = 2 the best sensitivity occurs at
CC ≈ 3 and while negative, it gives the global maximum
(in the tested range) of 70 nm/RIU.
One consequence of the oscillatory behavior of the min-
imal center-to-center dependence of the interparticle cou-
pling that has to be accounted for when designing a
sensor based on amorphous arrays of dielectric nanores-
onators is the nonlinear relation between nd and the
wavelength shift. If nd changes are small, the sensitivity
is linear. However, for larger index changes verification
of the linearity may be required. To illustrate this we
define the local sensitivity as ∂λ/∂nd|nd and study this
property for selected nds as a function of lcc for a fixed
nsub = 1.45. The results are plotted in Fig. 6c. In
general, the observed local sensitivities are close to the
average value (plotted also in Fig. 6b). However, for
CC ≥ 2.5, for which near-field effects have decayed, a
substantial spread of the sensitivity values is observed,
indicating the nonlinear dependence of the wavelength
shift vs the refractive index of the environment. The ef-
fect is especially pronounced close to sensitivity minima.
VI. CONCLUSIONS
In this work we studied the optical properties of
substrate-supported amorphous arrays composed of di-
electric nanodisks. We proposed a T-matrix based effec-
tive model, which accounts for substrate-mediated cou-
pling and thus provides a computationally efficient and
accurate way to calculate the response of an array in-
cluding multiple scattering effects and the presence of
the substrate.
An important advantage of using the T-matrix frame-
work is its close relationship with multipole decomposi-
tion. We exploit this to provide general multipole cou-
pling rules for both free-space and substrate-supported
arrays. We also acknowledge that the proposed frame-
work can be used to study the optical properties up to
arbitrarily high multipole orders, which is advantageous
with respect to a Green function based approach, where
including each new multipole order requires an involved
derivation of multipole propagators. Also, to date, mul-
tipole studies of substrate-supported arrays were lim-
ited to the dipole approximation in a decoupled case
in which substrate-mediated coupling is neglected [23].
Here, we show that substrate-mediated coupling is indeed
an important factor influencing the optical properties and
introduce generalized substrate-induced magnetoelectric
coupling beyond magnetic dipole-electric dipole coupling.
The presence of the substrate requires accounting for
its influence when designing devices that feature interpar-
ticle coupling. This coupling is affected by the additional
substrate-mediated coupling term. The other factor de-
termining the optical response of the array, namely the
single particle response, is also modified by the substrate-
mediated coupling. These additional coupling terms are
modified not only by a choice of the substrate material,
but also by distance between the array and the substrate.
We illustrate both of these effects by using refractomet-
ric sensing as a current, relevant example. For dielectric
nanoparticle sensors both are especially important, as the
mechanism behind the bulk sensitivity is dictated by mul-
tiple scattering within the array. In free-space this multi-
ple scattering is confined to direct coupling to other array
members. However, the presence of a substrate opens ad-
ditional coupling channels mediated via reflection, which
requires tailoring the substrate refractive index and dis-
tance to the array to maximize sensitivity.
We anticipate that this work will be useful for study-
ing optical properties of any photonic system including
nanoparticles on a substrate. The proposed T-matrix
based effective model can be used as a general and
very efficient numerical tool for simulating substrate-
supported nanoresonator arrays composed of identical
particles with at least an approximate point symmetric
spatial distribution. This includes not only amorphous
but also periodic arrays, which are often present in meta-
surfaces. The coupling matrix and multipole decompo-
sition are easily obtained from the model and can shine
light onto contributions from interparticle and substrate-
mediated coupling effects, which provide further insight
into the properties of the coupled nanoparticle array-
layered medium system.
Appendix A: Vector spherical wave functions
In the T-matrix method the fields are expanded into reg-
ular and radiating vector spherical wave functions defined
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in the spherical coordinate system (r, θ, φ) as
M1,3ml(kr) =
√
Dmlz
1,3
l (kr)
[
im
P
|m|
l (cos θ)
sin θ
eθ−
d
dθ
P
|m|
l (cos θ)eφ
]
eimφ, (A1)
N1,3ml(kr) =
√
Dml
(
l(l + 1)z1,3l (kr)
kr
P
|m|
l (cos θ)er+
d
d(kr)krz
1,3
l (kr)
kr
[
d
dθ
P
|m|
l (cos θ)eθ+
im
P
|m|
l (cos θ)
sin θ
eφ
])
eimφ, (A2)
where index 1 corresponds to regular VSWFs and 3 cor-
responds to radiating VSWFs, (er, eθ, eφ) are the unit
vectors in spherical coordinates, z1,3l corresponds to the
spherical Bessel jl and spherical Hankel functions of the
first kind hl which correspond to superscripts 1 and 3,
respectively, P
|m|
l is the associated Legendre polynomial
of order l and m and Dml is a normalization constant
equal to
Dml =
(2l + 1)(l − |m|)!
4l(l + 1)(l + |m|)! . (A3)
Appendix B: Layer-mediated and direct coupling
matrices
1. Layer-mediated coupling
The layer-mediated coupling matrix is defined as [32]
WS,S
′
r,n,n′ = 4i
|m−m′|ei(m−m
′)φS,S′×
(I+n,n′(ρS,S′ , zS + zS′) + I
−
n,n′(ρS,S′ , zS − zS′)), (B1)
where n is a single index denoting the correspond-
ing VSWF, which otherwise would require three indices
(l,m, η) with η denoting magnetic (0 or M) and electric
(1 or E) multipoles. I+n,n′(ρS,S′ , zS+zS′),I
−
n,n′(ρS,S′ , zS+
zS′) are the Sommerfeld integrals meaning that the inte-
gral over the angular extent of the array is equal 2pi for
multipoles of with the same m value and zero otherwise.
To show how this matrix is constructed we refer to
a formula from [32] in which the Sommerfeld integral
theorem is yet to be applied,
WS,S
′
r,n,n′ =
2
pi
∑
j
∫
d2k||
kzk
ei(m
′−m)φS,S′ eik||·(rS−rS′ )×
×
(
B†n,j(kz/k)e
ikzzS B†n,j(−kz/k)e−ikzzS
)
L(kz)(
Bn′,j(kz/k)
Bn′,j(−kz/k)
)
, (B2)
where
Bn,j(x) =
1
il+1
1√
2l(l + 1)
(iδj,1 + δj,2)
√
1− x2×
×
(
δηj
∂P
|m|
l (x)
∂x
+ (1− δηj)mP
|m|
l (x)
1− x2
)
, (B3)
where k‖ is the in-plane wave vector and kz is the wave
vector component perpendicular to the substrate. L(kz)
denotes the layer response matrix constructed according
to [30] and j corresponds to summation over polariza-
tions. B† is defined as B with all explicit i substitued
by −i. For a simple case of a particle above a plane the
layer-mediated coupling matrix reads
WS,S
′
r,n,n′ =
2
pi
∑
j
∫
d2k||
kzk
ei(m
′−m)φS,S′ eik||·(rS−rS′ )×
× r(kz)B†n,j(kz/k)Bn′,j(−kz/k)eikzS , (B4)
as the substrate converts downward plane waves into up-
ward reflected ones, the amplitude of which is modified
by the Fresnel reflection coefficient r(kz).
For m = 0 the equation
Bn,j(x) ∝ δηj
√
1− x2 ∂P
|m|
l (x)
∂x
. (B5)
Consequently, if η = η′ and m = m′ = 0, then one
of the terms of the sum in the integral defining W
is zero, however, the other one is not, as the product
B†n,j(kz/k)Bn′,j(kz/k) consists of two terms correspond-
ing to the same plane wave polarizations. In contrast, if η
does not equal η′, then B†n,j(kz/k)Bn′,j(−kz/k) consists
of terms corresponding to the opposite polarizations, one
of which always leads to zero and therefore the magne-
toelectric coupling can never occur if m = m′ = 0. The
same result can be provided for the direct coupling by
analyzing the Wigner-3j symbols in a similar manner to
the one provided in the main text.
2. Direct coupling
The direct part contains three factors: Bessel functions
dependent on the product krS,S′ , Legendre polynomials
and a5 and b5 coefficients, which depend on Wigner-3j
symbols. Here, we write those coefficients explicitly, be-
cause we study the properties of the Wigner-3j symbols
in the main text. Due to the presence of the Legendre
polynomial, it is convenient to define WS,S
′
d in spherical
coordinates (r, φ, θ). If η = η′
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WS,S
′
d,n,n′ = e
i(m−m′)φS,S′ (−1)m+m′ 1
4
√
mm′
∑l+l′
χ=|l−l′|(−1)
(l′−l+χ)/2
(2χ+ 1)
√
(2l + 1)(2l′ + 1)(χ− (m−m′))!
l(l + 1)l′(l′ + 1)(χ+m−m′)! ×
×
(
l l′ χ
0 0 0
)(
l l′ χ− 1
m −m′ m′ −m
)[
l(l + 1) + l′(l′ + 1)− χ(χ+ 1)]h(1)χ (krS,S′)P |m−m′|χ (cos θS,S′), (B6)
otherwise for η 6= η′
WS,S
′
d,n,n′ = e
i(m−m′)φS,S′ (−1)m+m′ 1
4
√
mm′
∑l+l′
χ=|l−l′|+1i
l′−l+χ+1(2χ+ 1)
√
(2l + 1)(2l′ + 1)(χ− (m−m′))!
l(l + 1)l′(l′ + 1)(χ+m−m′)! ×
×
(
l l′ χ− 1
0 0 0
)(
l l′ χ
m −m′ m′ −m
)√(
χ2 − (l − l′)2)((l + l′ + 1)2 − χ2)h(1)χ (krS,S′)P |m−m′|χ (cos θS,S′), (B7)
where m ≡ 2− δm0 denotes the Neumann symbol.
Appendix C: Relationship between the coupling
matrix and the retarded multipole potentials
Previously, we utilized a Green function based approach
to calculate the effective multipole moments (polarizabil-
ities) of particles in an amorphous array, denoted as S
[8, 10, 11, 14]. One can convert the herein presented re-
sult from the VSWF basis back to the multipole moments
representation using relations between scattering VSWF
expansion coefficients and multipole moments from the
literature [27, 28]. For magnetic or electric dipoles this
relation is expressed as [28]pxpy
pz
 = c
 b1,1 − b−1,1i(b1,1 − b−1,1)
−√2b0,1
 , (C1)
where c is a factor required to obtain correct units and
wavelength dependence and is defined as c = 6i4k3 (the
difference between [28] and this work stems from CGS
units in [10]). This equation is easily rewritten into ma-
trix form, pxpy
pz
 = cM
b−1,1b0,1
b1,1
 , (C2)
with M being defined as
M =
1 0 −1i 0 i
0 −√2 0
 . (C3)
One can then utilize M for basis conversion
S = c−1MWM−1. (C4)
Finally, we relate Sxx, which is used in [11], to W , which
is the dipole-dipole part of the coupling matrix used here,
by evaluating it with Eq. C4
Sxx =
1
2c
(W−1,−1 +W1,1), (C5)
which, knowing that W−1,−1 = W1,1, reduces to
Sxx =
−4ik30
6
W1,1. (C6)
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